Abstract. Let A and B be n n matrices of determinant 1 over a eld K, with n > 2 or jKj > 3. We show that if A is not a scalar matrix, then B is a product of matrices similar to A. Analogously, we conjecture that if a and b are elements of a semisimple algebraic group G over a eld of characteristic zero, and if there is no normal subgroup of G containing a but not b, then b is a product of conjugates of a. The conjecture is true for orthogonal groups and symplectic groups, and for all semisimple groups over local elds.
Introduction
It is well known that the group SL n (K) of n n matrices of determinant 1 over a eld K is simple, modulo the scalar matrices, if n > 2 or jKj > 3. More precisely, if A 2 SL n (K), and A is not a scalar matrix, then every element of SL n (K) can be written as a product of matrices that are conjugate to either A or A ?1 . We show that the inverse is super uous: (3.3 0 ) Theorem. Let A 2 SL n (K), where K is a eld, and assume that either n > 2 or jKj > 3. If A is not a scalar matrix, then every element of SL n (K) is a product of matrices conjugate to A.
We conjecture that an analogous result is true for semisimple algebraic groups G other than SL n , if K is a eld of characteristic 0. (The author does not have the expertise to speculate on algebraic groups over elds of characteristic p.) The statement of the conjecture needs to allow for the fact that the group G K of K-points may have some noncentral, proper, normal subgroups.
(1.1) Conjecture. Let G be a semisimple algebraic group over a eld K of characteristic zero. Then, for every x; y 2 G K , either y is a product of conjugates of x, or there is a normal subgroup of G K that contains x but does not contain y.
As evidence for this, we prove the conjecture if 1. K is an algebraically closed eld (cf. 4.3); or 2. K is a local eld (cf. 4.4); or 3. G is a special linear group over any eld, not necessarily of characteristic zero (cf. 3.3); or 4. G is a symplectic group over any eld, not necessarily of characteristic zero (cf. 5.2); or 5. G is a special orthogonal group over any eld, not necessarily of characteristic zero (cf. 6.3). The assertion of the conjecture can be rephrased as the statement that G K is not partially orderable (see 2.2). It is also relevant to the calculation of bounded cohomology (see 2.4).
Which arithmetic groups are partially orderable? Corollaries 2.5 and 2.6 show that an answer to this question might be used to enlarge the class of arithmetic groups that are known not to act on the circle (see Wit] ).
The case K = R of the conjecture is related to the literature on invariant subsemigroups of Lie groups (see Nee] and Hof] for background and references). Namely, our work has the following consequence.
(4.5 0 ) Corollary. A connected, semisimple Lie group G has nite center i every (not necessarily closed) conjugation-invariant subsemigroup of G is a subgroup. (1.2) Remark. If G is a special linear group or symplectic group or special orthogonal group, our proofs show there is some n = n(G) such that, for every x 2 G K , the identity element is a product of no more than n conjugates of x. This suggests that it may be possible to prove a quantitative version of the conjecture. Namely, for each x 2 G K , perhaps there is some n 2 N and some normal subgroup N containing x, such that every element of N is a product of no more than n conjugates of x. Can n be chosen independent of x?
2. Preliminary remarks Most of (2.1{2.3) can be found in Fuc, Chap. II], which also contains much additional information. Proposition 2.2 shows that our main results can be reformulated in a variety of ways. The introduction focuses on version (4), but version (5) (2 ) 4) The subsemigroup of G generated by the conjugates of x is conjugation-invariant so, by assumption, it is a normal subgroup N of G. If y 2 N, then, by de nition of N, we know that y is a product of conjugates of x.
(4 ) 3) Let N be a conjugation-invariant subsemigroup, and let x 2 N. Every normal subgroup of G contains e, so e is a product of conjugates of x. Because N is conjugation invariant, we know that N contains each of these conjugates. Thus, e 2 N.
(3 ) 5) The subsemigroup of G generated by the conjugates of x is conjugation-invariant so, by assumption, it must be the case that e is a product of conjugates of x. 
The following version of the Jacobson-Morosov Lemma seems to be well known (cf. K{L, x2.4, p. 166] ), but, as is the case for the preceding lemma, the author is unable to locate a proof in the literature.
(2.8) Lemma (Jacobson-Morosov) . Let G be a reductive algebraic group over a eld K of characteristic zero. If u is any unipotent element of G K , then there is a K-homomorphism : SL 2 ! G, such that (K) such that T A 1 T A 2 T Am = Id. Proof. The conclusion is trivial if n = 1, so assume n > 1. Let N be the subsemigroup of SL n (K) generated by the conjugates of T; we wish to show Id 2 N. Lemma 3.1 implies that some element T 1 of N has a nonzero xed vector. Since SL n (K) is transitive on the nonzero vectors in K n , we may assume, by replacing T 1 with a conjugate, that T 1 xes e n = (0; 0; : : : ; 0; 1).
Let S n?1 be the image of SL n?1 (K) in SL n (K), under the natural embedding (in the upper left corner, so S n?1 xes e n ). By induction on n, there exists a sequence of elements A 1 , A 
Since Z(G K ) is nite, then some power of this element is e.
(4.3) Corollary. If G is a semisimple algebraic group over an algebraically closed eld K of characteristic zero, then, for every element x of G K , there exist a 1 ; a 2 ; : : : ; a m 2 G K such that x a 1 x a 2 x a 3 x am = e.
Proof. By Proposition 4.1, we may assume x is semisimple. Because K is algebraically closed, every semisimple element is K-split, so Proposition 4.2 completes the proof.
(4.4) Theorem. Let G be a semisimple algebraic group over a local eld K of characteristic zero. Then, for every element x of G K , there exist a 1 ; a 2 ; : : : ; a m 2 G K such that x a 1 x a 2 x a 3 x am = e.
Proof. From Lemma 4.1, we may assume x is semisimple, so the conjugacy class C of x in G is Zariski closed (cf. B{H, Prop. 10.1]). We may assume G is connected, so C is an irreducible variety. We may also assume that no proper, normal subgroup of G contains x.
Let K be the algebraic closure of K. From Corollary 4.3 (and 2.2), we know that every element of G K is a product of elements of C K , so there is some m 2 N such that the Zariski closure of the m-fold product (C K ) m has the same dimension as G. Since G is connected, this implies that (C K ) m is Zariski dense in G. 
